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Abstract 

- - - We show that the Kahler-Ricci flow on an algebraic manifold of positive Kodaira di- 

Q . mension and semi-ample canonical line bundle converges to a unique canonical metric on 

O ! its canonical model. It is also shown that there exists a canonical measure of analytic Zariski 

^ ' decomposition on an algebraic manifold of positive Kodaira dimension. Such a canonical 

■ measure is unique and invariant under birational transformations under the assumption of 
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o\ ■ 

O' Contents 

^ ' 1 Introduction 
^ ■ 

. 2 Preliminaries 6 

^1 2.1 Kodaira dimension and semi-ample fibrations 6 

'— 2.2 litaka fibrations 

2.3 Analytic Zariski decomposition 

^ . 2.4 Complex Monge-Ampere equations 

O : rn 
, 3 Canonical metrics for semi-ample canonical bundle 10 

to ' 3.1 Canonical metrics on canonical models 10 

, 3.2 Existence and uniqueness 16 

(N ■ „ 

O I 4 Canonical measures on algebraic manifolds of non-negative Kodaira dimension 21 

OO . 4. 1 Canonical measures on surfaces of non-negative Kodaira dimension 21 

' 4.2 Ricci-flat metrics on Kahler manifolds of zero Kodaira dimension 22 

. 4.3 Kahler-Einstein metrics on algebraic manifolds of general type 23 

' 4.4 Algebraic manifolds of positive Kodaira dimension 28 

. 4.5 Uniqueness assuming finite generation of the canonical ring |37 

" ' 5 The Kahler-Ricci flow 42 

5.1 Reduction of the normalized Kahler-Ricci flow 42 

5.2 Kahler-Ricci flow on algebraic manifolds with semi-positive canonical line bundle 43 

5.3 Kahler-Ricci flow and minimal model program |50 

6 Adjunction formulas for energy functionals 51 

6.1 Generalized constant scalar curvature Kahler metrics 51 

6.2 Asymptotics of the Mabuchi energy by the large Kahler structure limits |52 



'Research supported in part by National Science Foundation grants DMS-0604805 and DMS-0302744. 



1 



1 Introduction 



It has been the subject of intensive study over the last few decades to study the existence of 
Kahler-Einstein metrics on a compact Kahler manifold, following Yau's solution to the Calabi 
conjecture (cf. [I^2]| . llAul . fmll . ifTBll ). The Ricci flow (cf. [|Hal|Chl) provides a canonical 
deformation of Kahler metrics in Kahler geometry. Cao HCaB gave an alternative proof of the 
existence of Kahler-Einstein metrics on a compact Kahler manifold with trivial or negative first 
Chem class by the Kahler-Ricci flow. However, most algebraic manifolds do not have a definite 
or trivial first Chem class. It is a natural question to ask if there exist any well-defined canonical 
metrics on these manifolds or on varieties canonically associated to them. Tsuji HTslll applied 
the Kahler-Ricci flow and proved the existence of a canonical singular Kahler-Einstein metric on 
a minimal algebraic manifold of general type. It was the first attempt to relate the Kahler-Ricci 
flow and canonical metrics to the minimal model program. Since then, many interesting results 
have been achieved in this direction. The long time existence of the Kahler-Ricci flow on a min- 
imal algebraic manifold with any initial Kahler metric is established in UTiZhaH . The regularity 
problem of the canonical singular Kahler-Einstein metrics on minimal algebraic manifolds of 
general type is intensively studied in IIZhl |EyGuZel|. 



In this paper, we propose a program of finding canonical measures on algebraic varieties 
of positive Kodaira dimension. Such a canonical measure can be considered as a birational 
invariant and it induces a canonical singular metric on the canonical model, generalizing the 
notion of Kahler-Einstein metrics. 

Let X be an n-dimensional compact Kahler manifold. A Kahler metric can be given by its 
Kahler form uj on X. In local coordinates zi, we can write u as 



where is a positive definite hermitian matrix function. Consider the normalized Kahler- 
Ricci flow 

^^ = -RicKt,-))-a;(t,-), 

(1.1) 

where u){t, ■) is a family of Kahler metrics on X, Ric((x;(t, ■)) denotes the Ricci curvature of 
ijj{t,-) and uq is a given Kahler metric. 

Let X be a minimal algebraic manifold. If the canonical line bundle Kx of X is ample and 
ujq represents [Kx], it is proved in [CaJ that (11.11) has a global solution a;(t, ■) for all t > and 
a;(t, ■) converges to a unique Kahler-Einstein metric of on X. Tsuji showed in iTslH that (11.11) 
has a global solution a; (t, ■) under the assumption that the initial Kahler class [ujq\ > [Kx] - This 
additional assumption was removed in UTiZhal . moreover, if Kx is also big, uj{t, ■) converges 
to a singular Kahler-Einstein metric with locally bounded Kahler potential as t tends to oo (see 

UTiTirnzhil ). 

If Kx is not big, the Kodaira dimension of X is smaller than its complex dimension. In 
particular, when X is a minimal Kahler surface of Kodaira dimension 1, it must be a minimal 
elliptic surface and does not admit any Kahler-Einstein current in — ci(X), with bounded local 
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potential smooth outside a subvariety. Hence, one does not expect that ^(t, ■) converges to a 
smooth Kahler-Einstein metric outside a subvariety of X in general. 

Let f : X Xcan be a minimal elliptic surface of kod(X) = 1. Suppose all the singular 
fibres are given by Xs-^ = f^^{si), ... , Xs^ = f~^{sk) of multiplicity nii G N, 2 = 1, k. 
In nSoTiH . the authors proved that the Kahler-Ricci flow on X converges for any initial Kahler 
metric to a positive current Ucan on the canonical model Xcan satisfying 

Ric(u;can) = -t^can + ^WP + ^ [Sj], (1.2) 

1=1 

where uwp is the induced Weil-Peters son metric and [sj] is the current of integration associated 
to the divisor Sj on Xcan- ^^can is called a generalized Kahler-Einstein metric on Xcan- Moreover, 
the Kahler-Ricci flow is collapsing onto Xcan exponentially fast with uniformly bounded scalar 
curvature away from the singular fibres. 

The first result of this paper is to generalize the above convergence result on the Kahler-Ricci 
flow to algebraic manifolds of positive Kodaira dimension and semi-ample canonical bundle. 

Let X be an n-dimensional algebraic manifold of Kodaira dimension < k < n. We 
assume that canonical line bundle Kx is semi-ample, then the canonical ring R{X, Kx) is 
finitely generated and the pluricanonical system induces an algebraic fibre space / : X — > Xcan- 
Each nonsingular fibre of / is a nonsingular Calabi-Yau manifold. We denote by X^an the set of 
all nonsingular points s E Xcan such that f^^{s) is a nonsingular fibre and let X° = f~^{X°^^). 
The L^-metric on the moduli space of nonsingular Calabi-Yau manifolds induces a semi-positive 
(1, l)-form iowp of Weil-Petersson type on Xcan- We will study the Kahler-Ricci flow starting 
from any Kahler metric and describe its limiting behavior as time goes to infinity. 

Theorem A Let X be a nonsingular algebraic variety with semi-ample canonical line bundle 
Kx <^nd so X admits an algebraic fibration f : X ^ Xcan over its canonical model Xcan- 
Suppose < dim Xcan = n < dimX = n. Then for any initial Kahler metric, the Kahler-Ricci 
flow ([777]) has a global solution u{t, ■)for all time t G [0, oo) satisfying: 

1. u>(t, ■) converges to f*ujcan ^ —27vci{X) as currents for a positive closed (1, l)-current 
i^can on Xcan with continuous local potential. 

2. u>can is smooth on X°^^ and satisfles the generalized Kahler-Einstein equation on X°^^ 

Ric{Ucan) = -(^can + ^WP- (1-3) 

3. for any compact subset K G X°^^, there is a constant Ck such that 

||i?(t,-)||L-(/-(i^)) + e("-'^^*sup|K-«(t,-)UJ|L«=(x.) <C^, (1.4) 

s&K 

where Xs = f^^{s). 

Therefore, the Kahler-Ricci collapses onto the canonical model with bounded scalar curva- 
ture away from the singular fibres and the volume of each nonsingular fibre tends to expo- 
nentially fast. In fact, the local potential of u{t, ■) converges on X° locally in C°-topology (cf. 
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Proposition 15 .41 ) ■ It should also converge locally in C^'^-topology on X° as in the surface case 
(cf. fiSoTiil ) and this will be studied in detail in a forthcoming paper. 

Similar phenomena also appears in the real setting as a special type-III Ricci flow solution 
without the presence of singular fibres. It is discovered and intensively studied in [LoJ. 

The abundance conjecture in algebraic geometry predicts that the canonical line bundle is 
semi-ample if it is nef. If the abundance conjecture is true, then Theorem A immediately implies 
that on all nonsingular minimal models of positive Kodaira dimension the Kahler-Ricci flow 
converges to a unique canonical metric on their canonical model. 

In general, the canonical line bundle of an algebraic manifold of positive Kodaira dimension 
is not necessarily semi-ample or even nef. The minimal model program in birational geometry 
deals with the classification of algebraic varieties and aims to choose a minimal model in each 
birational equivalence class. Tsuji claimed in iTs3ll that there exists a singular Kahler-Einstein 
metric of analytic Zariski decomposition on algebraic manifolds of general type without assum- 
ing the finite generation of the canonical ring. Such a metric is constructed through a family of 
Kahler-Einstein metrics as the limits of a parabolic Monge- Ampere equation of Dirichlet type. 
The approach is interesting but rather complicated. The recent exciting development in the study 
of degenerate complex Monge- Ampere equations (cf. HKol 1 1 0il |EyGuZeT| ) enables the authors 
to give an independent and correct proof. 

Theorem B.l Let X be an algebraic manifold of general type. Then there exists a measure 
VLke on X such that 

1. {Kx, ^k^e) analytic Zariski decomposition. 



2. Let uke = v—ldd log ^ke be the closed positive (1,1) current on X. Then there exists 
a non-empty Zariski open subset U of X such that Ric(a;j^£;) = ^/^c?51og(a;/<£')" is 
well-defined on U and 

Kic{uJke) = -^KE- 

The proof of Theorem B. 1 is given in Section 4.3. The existence of such a canonical Kahler- 
Einstein metric is also considered by Siu in HSilH as an alternative approach to attack the problem 
of the finite generation of canonical rings. A degenerate Monge- Ampere equation of Dirichlet 
type is considered and the solution is expected to be unique. Indeed, if the canonical rings 
are finitely generated, such a solution coincide with the Kahler-Einstein metrics constructed in 
Theorem B.l. We hope that Theorem B.l might help to gain more understanding of the finite 
generation of canonical rings from an analytic point of view. Theorem B.l can be generalized 
to algebraic manifolds of positive Kodaira dimension. 

Theorem B.2 Let X be an n-dimensional algebraic manifold of Kodaira dimension < k < n. 
There exists a measure Qcan on X bounded above such that {Kx, ^can) is an analytic Zariski 
decomposition. Let <l>^ : X'^ Y'^ be any litaka fibration of X with : X"^ X and 
fit = {n^yn^an ■ Then 

L yKxt , (fit) ^ j is an analytic Zariski decomposition. 
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2. There exists a closed positive (1,1) -current uo'^ on yt such that ($t) * cjt = ^^dd log 
on a Zariski open set of X'^. Furthermore, we have 



{^%^\ (1.5) 



on and so on a Zariski open set ofY\ 

Ric(a;"'^) = —uj'^ + ujwp- (1-6) 



The definition of uwp in Theorem B.2 is given in Section 4.4 and it is a generalization of 
the Weil-Petersson form induced from an algebraic deformation space of algebraic manifolds of 
Kodaira dimension 0. 

In fact, the hermitian metric ^^an (also VL]^-^) on Kx constructed in the proof of Theorem 
B.2 (also Theorem B.l) has stronger properties than the analytic Zariski decomposition. Let 

oo dm 

m=l j=0 

where {(ym.j}'^=Q spans H^{X, mKx) and {em,j > 0} is a sequence such that ^ x,e is convergent. 

is a measure or a semi-positive (n, n)-current on X. Then from the construction of Vtcan in 
the proof of Theorem B.2 (also Theorem B.l) 

< oo. (1.7) 

^ 'can 

If the canonical ring i?(X, Kx) is finitely generated, one can replace ^ x,t by 

M dm, 
jn=0 j=0 

for some M sufficiently large. 

Recently, the finite generation of canonical rings on algebraic varieties of general type was 
proved independently by [ BiCaHaMc I and fSi25. By assuming the finite generation of canonical 
rings. Theorem B.l and B.2 can be strengthened and the proof can be very much simplified. It 
turns out that the canonical measure in Theorem B.l and B.2 is unique and invariant under 
birational transformations. 

Theorem C.l Let X be an algebraic manifold of general type. If the canonical ring R{X, Kx) 
is finitely generated, the Kdhler-Einstein measure constructed in Theorem B. 1 is continuous on 
X and smooth on a Zariski open set ofX. Furthermore, it is the pullback of the unique canonical 
Kdhler-Einstein measure QxEfrom Xcan satisfying 

{V^ddlogQKE)'' = ^KE. (1.8) 
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The unique Kahler-Einstein metric with continuous local potential and the associated Kahler- 
Einstein measure on the canonical model Xcan is constructed in |EyGuZel|. The Kahler- 
Einstein measure in Theorem C.l is invariant under birational transformations and so it can 
be considered as a birational invariant. Theorem C. 1 can also be generalized to all algebraic 
manifolds of positive Kodaira dimension. 



Theorem C.2 Let X be an n-dimensional algebraic manifold of Kodaira dimension < k < 
n. If the canonical ring R{X, Kx) is finitely generated, then there exists a unique canonical 
measure VLcan on X satisfying 

1. < < oo. 

2. Qcan is continuous on X and smooth on a Zariski open set ofX. 

3. Let $ : X Xcan be the pluricanonical map. Then there exists a unique closed 
positive (1, 1) -current ujcan with bounded local potential on Xcan such that ^*ujcan = 
y/^dd log flcan outside the base locus of the pluricanonical system. Furthermore, on 

-^can 

and 

Ric (Ci^can) = —^can + ^WP- 

In particular, flcan is invariant under birational transformations. 



ujwp is defined in Section 4.5 (cf. Definition l4.2h and it coincides with uwp in Theorem B.2 
on a Zariski open set of Xcan by choosing Y"^ to be Xcan- Theorem C.l and Theorem 3.2 are 
proved in Section 4.5. 



2 Preliminaries 

2.1 Kodaira dimension and semi-ample fibrations 

Let X be an n-dimensional compact complex algebraic manifold and L — X a holomorphic 
line bundle over X. Let N{L) be the semi-group defined by 

N{L) = {m G N I L™) ^ 0}. 

Given any m E N(L), the linear system = PH^(X, L^) induces a rational map 

: X --^ CP^™ 

by any basis {cr„,o, o-m,i, ... , cr^.d^} of i7°(X, L™) 

where + ! = dimif°(X, L™). Let Ym = $m(X) C CP'*™ be the image of the closure of 
the graph of <l>m. 
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Definition 2.1 The litaka dimension of L is defined to be 



k{X,L) = max {diml^} 

meN(L) 

ifN{L) ^ (f), and k{X, L) = -oo ifN{L) = 0. 

Definition 2.2 Let X be an algebraic manifold and Kx the canonical line bundle over X. Then 
the Kodaira dimension kod(X) of X is defined to be 

kod(X) = k{X,Kx). 

The Kodaira dimension is a birational invariant of an algebraic variety and the Kodaira di- 
mension of a singular variety is equal to that of its smooth model. 

Definition 2.3 Let L ^ X be a holomorphic line bundle over a compact algebraic manifold 
X. L is called semi-ample if L"^ is globally generated for some m > 0. 

For any m G N such that L™ is globally generated, the linear system \L"^\ induces a holo- 
morphic map $m 

by any basis of H^{X, L^). Let Ym = ^rn{X) and so can be considered as 

The following theorem is well-known (cf. IlLallUeH ). 

Theorem 2.1 Let L ^ X be a semi-ample line bundle over an algebraic manifold X. Then 
there is an algebraic fibre space 

^oo-.X^Y 

such that for any sufficiently large integer m with L™ being globally generated, 

Ym = Y and = $oo, 

where Y is a normal algebraic variety. Furthermore, there exists an ample line bundle AonY 
such that L™ = {^^)*A. 

If L is semi-ample, the graded ring R{X, L) = ®rn>oH^iX, L"*) is finitely generated and 
so R{X, L) = ®rn>oH°{X, L™) is the coordinate ring of Y. 

Definition 2.4 Let L X be a semi-ample line bundle over an algebraic manifold X. Then the 
algebraic fibre space $00 : X Y as in Theorem 12.71 /5 called the litaka fibration associated 
to L and it is completely determined by the linear system \ L™ | for sufficiently large m. 

In particular, if the canonical bundle Kx is semi-ample, the algebraic fibre space associated 
toKx 

f '■ X Xcan 

is called the litaka fibration of X, where f = $00 '^nd X^an is called the canonical model of X. 
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2.2 litaka fibrations 

In general, the canonical line bundle is not necessarily semi-ample, and the asymptotic behavior 
of the pluricanonical maps is characterized by the following fundamental theorem on Kodaira 
dimensions due to litaka (cf. flUell ). 

Theorem 2.2 Let X be an n- dimensional algebraic manifold of positive Kodaira dimension. 
Then for all sufficiently large m G N{Kx), the pluricanonical maps $m '■ X ^ Ym are 
birationally equivalent to an algebraic fibre space 

unique up to birational equivalence satisfying 

1. There exists a commutative diagram for sufficiently large m G N{Kx) 

X xt 

*t (2.1) 

of rational maps with tt^ and fXm being birational. 

2. dimyt =kod(X). 

3. A very general fibre o/$^ has Kodaira dimension 0. 

2.3 Analytic Zariski decomposition 

Let X be a compact complex manifold and L be a holomorphic line bundle on X equipped with 
a smooth hermitian metric Iiq. 

A singular hermitian metric /i on L is given by 

h = hoe"^ 

for some cp G L^{M). 

Let Qho be the curvature of ho defined by 

Oho = -V^ddhgho. 

Then the curvature 0/^ of /i as a current is defined by 

&h = &ho + ^/^ddip. 

Definition 2.5 L is called pseudoeffective if there exists a singular hermitian metric Hon L such 
that the curvature Qh is a closed positive current. Let 



VhoiX) = {ipe L\X) I Qh^ + V^dd^ > as current}. 
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Definition 2.6 Let Lp g Vho{^) <^ndh = Hqc The multiplier ideal sheaf T{h) C Ox{L) or 
T{(p) is defined by 



T{Ua{h)) = {f ET{U,Ox{L))\\f\le 



The notion of analytic Zariski decomposition is an analytic analog of Zariski decomposition 
and it is introduced in HTslll to study a pseudoeffective line bundle. 

Definition 2.7 A singular hermitian metric h on L is an analytic Zariski decomposition if 

1. Qh is a closed semi-positive current, 

2. for every m >0, the natural inclusion 



is an isomorphism. 

2.4 Complex Monge-Ampere equations 

Let X be an n-dimensional Kahler manifold and let a; be a smooth closed semi-positive (1,1)- 
form. u! is Kahler if it is positive and uj is called big if [a;]" = a;" > 0. 

Definition 2.8 A quasi-plurisubharmonic function associated to u is a function 95 : X — > 
[—00, 00) such that for any smooth local potential ip of uj, ip + (f is plurisubharmonic. We 
denote by PSH{X, lo) the set of all quasi-plurisubharmonic functions associated to uj on X. 

The following comparison principle for quasi-plurisubhharmonic functions on compact Kahler 
manifolds is well-known. 

Theorem 2.3 Let X be an n-dimensional Kahler manifold. Suppose ip, ip E PSH{X, uj)for a 
big smooth closed semi-positive (1, l)-form uj. Then 



In HKoUII . Kolodziej proved the fundamental theorem on the existence of continuous solu- 
tions to the Monge-Ampere equation {uj + \/^^ddLpY = Fu"', where a; is a Kahler form and 
F e LP{X, a;") for some p > 1. Its generalization was independently carried out in [Zh] and 
[EyGuZel]. They proved that there is a bounded solution when uj is semi-positive and big. A 
detailed proof for the continuity of the solution was given in [DiZh] (also see [Zh] for an earlier 
and sketched proof). These generalizations are summarized in the following. 

Theorem 2.4 Let X be an n-dimensional Kahler manifold and let uj be a big smooth closed 
semi-positive (1, l)-form. Then there exists a unique continuous solution to the following Monge- 
Ampere equation 



H\X, Ox{mL) ® T(/i'")) ^ H\X, Ox{mL)) 
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Recently, Demailly and Pali proved the following uniform estimate and we refer the readers 
to the general statement in UDePaL Such an L°° -estimate is also independently obtained in 
pyGuZe2j . 

Theorem 2.5 Let X be an n-dimensional Kahler manifold. Let Q > Obe a smooth volume form 
and u be a smooth Kahler form such that uj < oJ^for some smooth Kahler form ujq on X. Let 
ip G PSH{X,ll!) n L°°{X) be a solution of the degenerate complex Monge-Ampere equation 
[u + ^f-[ddpY = Fn with F e U>{X)for some p>l. Suppose 

Jx\[^]y - 

2. T^^+ / \ — — n < B, for some e> 0. 
Then 

sup tp — inf (f < C{Q, Uq, e,p, A, B). 
X ^ 

The estimate in Theorem 12.51 assumes very weak dependence on the reference form uo and 
it is essential in deriving the C°-estimate for the Kahler-Ricci flow on algebraic manifolds with 
positive Kodaira dimension and semi-ample canonical line bundle (cf. Section 5.2). 



3 Canonical metrics for semi-ample canonical bundle 
3.1 Canonical metrics on canonical models 

Let X be an n-dimensional complex algebraic manifold with semi-ample canonical line bundle 
Kx- Fix m E N{Kx) sufficiently large and let / = the litaka fibration of X is then given 
by the following holomorphic map 

f-.X^X.an^CV"-. 

We assume that < k = kod(X) < n and so X is an algebraic fibre space over X^an- Let 

^can = {y ^ Xcan | ?/ IS a nonsingulai and Xy = f~^{s) is nonsingular fibre} 
and X° = The following proposition is well-known. 

Proposition 3.1 We have 

Kx = -f*0{l). 

m 

For all y G X°^^, Kxy is numerically trivial and so Ci{Xy) = 0. 

Thus X can be considered as a holomorphic fibration of polarized Calabi-Yau manifolds 
over its canonical model Xcan- Since f : X ^ Xcan G CP'^'" and -ci{X) = we 
can define 

dm 

X = —V^dd\ogy^ \ara,jf e -2nci{X) 
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as a multiple of the pulled back Fubini-Study metric on CP'*'" by abasis {am,j}f^o C H°{X, K^). 

We can also consider x as the restriction of the multiple of the Fubini-Study metric on the 
normal variety Xcan and we identify x and f*x for convenience. 

Let fl = Yl'^=o Wmjf- Since Kx is base point free, ^2 is a smooth nondegenerate volume 
form on X such that 



—159 log Q = x- 

Definition 3.1 The pushforward f^VL with respect to the holomorphic 
defined as currents as the following. For any continuous fiinction ip on Xcan 



Lemma 3.1 On X. 



can' 



*/ Xcan *^ -X 



Definition 3.2 We define a fiinction F on Xcan by 



(3.1) 



Lemma 3.2 Given any Kdhler class [uj] on X, there is a smooth function ^ on X° such that 
(jJsF '■— u) -\- \/—lddip is a closed semi-flat (1, l)-form in the following sense: the restriction of 
ujsF to each smooth Xy C X° is a Ricciflat Kdhler metric. 

Proof For each y e let Uy be the restriction of uj to Xy and dy and dy be the restriction 

of d and dXo Xy. Then by the Hodge theory, there is a unique function hy on Xy defined by 

dydyhy = logO;^"", 

(3.2) 

By Yau's solution to the Calabi conjecture, there is a unique V'y solving the following Monge- 
Ampere equation 

(3.3) 

ky ^y^y-^ = 0- 

Since / is holomorphic, tp{z, s) = i)y{z) is well-defined as a smooth function on X° . 

□ 

For each y e X^^^, there exists a holomorphic (n — k, 0) form 77 on Xy such that 77 A 77 is a 
Calabi- Yau volume form and J-^ rjArj — {uj\xy)^ 
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Definition 3.3 The closed [n — K,n — K)-current O on X° is defined to be 

Q = {ujsfT-\ (3.4) 

Let Qy = Q\xyfor y G X°^^ be the restriction of Q on a nonsingular fibre Xy. Then Qy is a 
smooth Calabi-Yau volume form with 

Qy = [uj]"'^'^ ■ Xy = constant. 

We can always scale [u;] such that [a;]""" ■ Xy = 1 for y E X°^^. 
Lemma 3.3 On X°, we have 

rF = I 

Furthermore, O can be extended to X as current such that f*F = ^q^^ j on X. 

Proof Let JF = ^^^^ j be defined on X°. We first show that JF is constant along each fibre Xy 
for y e 

Since x is the puUback from X^an, we have 



rF = (t^^ ) • (3-5) 



V-ldvdv log n = V-ldvdv log 6 A = 

on each nonsingular fibre Xy. On the other hand, JF is smooth on each Xy for y E X^^, 
therefore JF is constant along Xy and JF can be considered as the puUback of a function from 

X° 

can' 

Now we can show (|3.5I) . Let be any smooth test function on X°^„. Let yo be a fixed point 



'?/6X°„„ \JXy I JX° 



On the other hand, 



^•^X^ = / ^ ( 7^ 11/ <dy]x^ 



x° 



^ \ Q } y 



Therefore f*F = J^. 

Let i/j' be any smooth test function on X. 9 can be extended as current to X such that 
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Jx Jx 



□ 

Proposition 3.2 F is smooth on X^^^ and there exists e > such that 
Proof Calculate 

Also for any y e we can choose 2:0 G such that on Xy u)^~'^{zq) — uj'^'P^{zq) since Xy 
is smooth and a;""" = J-^ "^sf"- Then 

\F{y)\ - ^ 



< 



" (^) 



sup 



Therefore F is bounded by poles and {f*Fy is integrable for sufficiently small e > 0. 



□ 



Proposition 3.3 Let n : Y —>■ X^an be a smooth model of X can by resolution of singularities of 
Xcan- 7r*-F has at worst pole singularities on Y. 

Proof Let D be a divisor on X^an such that Xcan \ Xcan ^d- Let So be the defining section 
of D and /i^ be the hermitian metric on the line bundle associated to [D] such that tt* (I'S'dI^^) 
is a smooth function. For any continuous volume form Q' on X, 



U {\SD\Zn') 

D\hT 



\Sn\l'in' 



Xs 



\2N n' 



for s e X"^^. Since \SD\hu ^^^ln-K < for sufficiently large N, there exists a constant C such 
that 

0<f.{\Sn\iy)<X^. 
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-Iddi I ISoir '^""'^ 



/ v^dd(\SD\r — - — V'^""" 



for some sufficiently large M by choosing sufficiently large. 

Let r] be any semi-positive smooth (k — 1, k — l)-form supported on X°^^. Then 



< C\Sn\l^ [ rrjAu 
Jx 



if we chose iV sufficiently large. 

Similar lower bound of y/^-iddJ^N can be achieved and so for sufficiently large N, on 



-Cx < V-iaa^iv < Cx- 

Let be a Kahler metric on Y and Ay be the Laplace operator associated to uy- Then for 
sufficiently large N 

|Ay7r*J'Ar| < C. 

Also we can assume that tt* (|>S'd |^^) ojy < f*X for sufficiently large A^. After repeating the 
above estimates, we have for any A; > 0, there exists sufficiently large N and Ck^^ such that 

(Ay)'=(7r*^jv)| <C,,^. 

By standard elliptic estimates, n*J^N is uniformly bounded in C'^ if we choose N sufficiently 
large, therefore 7r*F can have at worst pole singularities. 

□ 

Now let us recall some facts on the Weil-Peters son metric on the moduli space M of polar- 
ized Calabi-Yau manifolds of dimension n—n. Let A" —> At be a universal family of Calabi-Yau 
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manifolds. Let [U; ti, t^) be a local holomorphic coordinate chart of Ai, where k = dim A^. 
Then each ^ corresponds to an element i(^) G H^{Xt,Txt) through the Kodaira-Spencer 
map L. The Weil-Peters son metric is defined by the L^-inner product of harmonic forms repre- 
senting classes in H^(Xt, T^J. In the case of Calabi-Yau manifolds, as first shown in fn4l, it 
can be expressed as follows. Let \E' be a nonzero holomorphic {n — k, 0)-form on the fibre Xt 
and \& ji(^) be the contraction of ^ and Then the Weil-Petersson metric is given by 



One can also represent ujwp as the curvature form of the first Hodge bundle (cf. [EH)- 

Let \I/ be a nonzero local holomorphic section of and one can define the hermitian 

metric hwp on by 

l^tlL-p= / (3.7) 

JXt 

Then the Weil-Petersson metric is given by 

uwp = Ric(/ivKp). (3.8) 

The Weil-Petersson metric can also be considered a canonical hermitian metric on the dualizing 
sheaf /.(fi—_) = {UOxY overX:„„. 

Let X be an n-dimensional algebraic manifold. Suppose its canonical line bundle Kx is 
semi-positive and < k = kod(X) < n. Let Xcan be the canonical model of X. We define a 
canonical hermitian metric hcan on /*(^x/Xcan) ^^^^ smooth (n — k, 0)-form 

77 on a nonsingular fibre Xy, 

I ,2 ^ ^ A 7/ A X" _ /x, ^ ^ ^ 

Definition 3.4 Let X be an n-dimensional algebraic manifold with semi-ample canonical line 
bundle Kx- Suppose < kod(X) < n and so f : X ^ Xcan is a holomorphic fibration of 
Calabi-Yau manifolds. A closed positive (1, 1) -current uj on X^an is called a canonical metric if 
it satisfies the following. 

1. f*io e -2iTCi{X). 

2. oj is smooth outside a subvariety of X can <^nd {f*ujY A 6 is continuous on X. 

3. Ric(a;) = log cj" is well-defined on X as a current and on X°^^ 

Ric(co') = —uo + uJwp- (3.10) 

Definition 3.5 Suppose ujcan is a canonical metric on Xcan- We define the canonical volume 
form Qcan on X to be 

^KE = {f*i^KET AQ. (3.11) 
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3.2 Existence and uniqueness 

The main goal of this section is to prove the existence and uniqueness for canonical metrics on 
the canonical models. 

Theorem 3.1 Let X be an n-dimensional algebraic manifold with semi-ample canonical line 
bundle Kx- Suppose < k = kod(X) < n. There exists a unique canonical metric on Xcan- 

We will need the following theorem of solving singular Monge- Ampere equation to prove 
Theorem 13. 1[ 

Theorem 3.2 There exits a unique solution tp e PSH{x) H C^{Xcan) H C°°{X°^^) to the fol- 
lowing Monge-Ampere equation on Xcan 

ix + V^ddip)^ = Fe^x"- (3-12) 

Proof of Theorem 13.11 We will prove Theorem 13 .ll by assuming Theorem 13 .21 
Let Lp be the solution in Theorem l3.1l and u = x + y/—Tddip. 

1. 

f*u; = f*x + V^ddf*ip e -Ci(X). 
and it proves 1. in Definition 13 .41 

2. By Theorem 13 .21 to is smooth on and 

A = l]e^*^ 

is continuous since f*(p is continuous on X and 1] is a smooth volume form. This proves 
2. in Definition [331 

3. Then 

Ric(a;) = —\^^dd\oguj'^ = —\^^ddlogx'^ — V—lddlogF — y/^ddip 

is well-defined as a current on Xcan- 
Calculate on X° 



^dd log x'" + V^dd log F + ^^ddip 
^dd\og + \f-idd\og ( ) + w - X 



,0 Ax" 

uj + [-^f^ddXog (9 A x"") + 4-ldd\ogx^) 

U — UJ\Yp. 



Therefore 



Ric(to') = —uj + LOwp- 
So we have proved 3. in Definition 13. 4[ 
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Now we will prove the uniqueness of the canonical metric. 

Let uo = x + V~^dd(^ be a canonical metric on Xcan- Then by the equation for the canonical 
metric, we have on 

V^ddhg (—] = V^ddlog ( ^ ^ e'p 

Let ^ = (i;) (e^e^) '\ Then on we have 

yf^ddlog^ = 0. 



On the other hand, 



extends to a strictly positive continuous function on X. Since / is a holomorphic map, ^ extends 
to a continuous function on Xcan- Let n : X'^^^ — > Xcan be a resolution of Xcan- Then tt*^ is 
continuous on and ^/^SSlogTr*,^ = so that n*^ = constant on X'^^^. Therefore 
^ = constant > on Xcan and = + log G PSH{x) H ^'^(-'^can) solves the Monge- 
Ampere equation (13.121) . The uniqueness of the solution for (|3.12l) implies the uniqueness of the 
canonical metric. 

□ 

Corollary 3.1 Let uocan be a canonical metric on Xcan and Vtcan the canonical volume form on 
X. Then 

f*UJcan = V^ddhg^can- (3.13) 

Proof Let tOcan = X + V—lddip, where cp be the solution of the Monge- Ampere equation (13.121) 
in Theorem 13.21 Then 

^can = {r^canT A 6 = fie^> 

and so 

^/^ddlogVLcan = V^dd\0gn + y/-lddf*ip = fuJcan- 

□ 



Proof of Theorem O 
Step 1. Approximation 

Let TT : y — > Xcan be a resolution of singularities such that E = 7r*{Xcan\Xcan) is a divisor 
with simple normal crossings. Let x = and F = 'k*F. Then x is a closed semi-positive 
(l,l)-form on Y and L Y*^ = fv > 0, i.e., v is big. We will consider the following 
Monge- Ampere equation on Y 



17 



Since x is a big semi-positive closed (1, l)-form and so L = ■^%*0{1) is a semi-positive 
big line bundle on Y. By Kodaira's lemma, there exists a divisor D such that for any e > 0, 
[L] — €[D] is an ample divisor on Y. Let So be the defining section of D and choose a smooth 
hermitian metric hn on the line bundle associated to [D] such that 

X + eV^^ddhghD > 0. 

Fix eo > and define a Kahler form loq = x + eo^/^^^ log ho > 0. 
F E L^^''{Y, x'^) for some e > since F E L^^''{Xcam x'^) for some e > 0. Then for each 
A; > there exists a family of functions {Fj}Y=i on Y satisfying the following. 

1. FjE C^{Y) for all j and Fj ^ F in L^+'{Y, x") as j oo. 

2. There exists C > such that log Fj > —C for all j. 

3. There exist A, C > such that for all j 

where Se is a defining section of E and He is a fixed smooth hermitian metric on the line 
bundled associated to [E] . 

For example, we can choose Fj to be defined by 

for sufficiently large a > 0. 

We also choose a Kahler form ujq and let x, = x + ~ ^o- We consider the following Monge- 

j 

Ampere equation 

iXj + V^dd^jY 



-Fjc"^^ (3.15) 
iXj) 

for sufficiently large a. 

By Yau's solution to the Calabi conjecture, for each j, there exists a unique solution ipj E 
C'-^{Y) n C°°(y \ E) solving (13.151) . We will derive uniform estimates for ipj. 

Step 2. Zeroth order estimates 

Proposition 3.4 There exists C > such that for all j, 

\W^\l^(y)<C- (3.16) 

Furthermore, there exists a unique solution ipoo E PSH(Y, x) H C^(Y) solving the Monge- 
Ampere equation ( 13.741) such that 

V^oo (3.17) 

in L^{Y, Uq) as j oo. 
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Proof By Yau's theorem, for each j, there exists a smooth solution cpj solving the Monge- 
Ampere equation (13.141) . We first derive a uniform upper bound for ipj. Suppose that ipj achieves 
its maximum at yo on Y. Then applying the maximum principle, we have 



Y 



< sup — < C 



Let ilo be a smooth nowhere vanishing volume form on Y. We have to verify that Fj . ^ 
is uniformly bounded in Q) for some 5 > for all j. 



l+e 

Li+^(y,Co) 



Y 



Therefore ||v^j||^oo(y) is uniformly bounded by Theorem l2.4l since I l-fj I Iii+£(yf7(,) is uniformly 
bounded. 

Also Theorem 12.41 gives a unique solution Lpoo E PSH(Y, x) fl C°(F) solving the Monge- 
Ampere equation [3.141 By the uniqueness of such ip^o, we have cpj ip^o in by standard 
potential theory. 

□ 



Step 3. Second order estimates 

We now apply the maximum principle and prove a second order estimate for Lpj by using a 
modified argument in liYa21l . Note that Tsuji used a similar trick in PTslll for the second-order 
estimate. 

Let LOj = Xj + V—Tddcpj, Aq and Aj be the Laplace operator associated to ujq and uj. The 
following lemma is proved by standard calculation. 

Lemma 3.4 There exists a uniform constant C > only depending on ujq such that on Y \ 
A,logtr^„^) > -C (l + tr^^iuo) + L^jh}^fA\ . 



Theorem 3.3 There exist a, /3, C > such that for all j and z E Y \ {E U D) 

^E\hl\^D\h 

Proof Define 



\jR\i,^\or 



and 

H,=\og{\SE\lltr^M))-A^j 
for some constants a, A > to be determined later. 
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First calculate onY\{E\J D) 



= A,- logtr,„(u;,) - AA^^j + aAj log l^^l^^ 
= Aj \ogtr^^{ujj) - Atr^. {lvj - cjq) - atr^^ (Ric(/ii,0) 

> {A- C,)tr^^{u,) - atr.,(Ric(/.^)) - Ci{l + \AologF,\) _ C, _ _ 
Choose a sufficiently large a > 0, such that there exists a constant C2 > with the following: 



|5^|f^(l + |AologF,|) ^ Q 



and 

ISeIIiFj < C2. 

Applying the elementary inequality 



1 

tr.,.M > C3(tr.oK))^(^^y 



> C4\SE\Z^r^,{coj))^-' 
We can always choose A sufficiently large such that 

For any j, suppose 

sup Hj{z) = iyj(2;o) 

for some G Y \ (E U D) since if, = — cxd along E U D. By the maximum principle, 
AjHj{zo) < 0. By straightforward calculation, there exists C7 > such that 

\SECtr.M)U,<C7. 
Hence there exists a uniform constant Cg > such that 

Hj < H,{zo) = log ilSEl^-tr^M)) 1^^^^ - cp^izo) + 60 log \Sn\Uz = zo) < C,. 
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The theorem is proved since 

tr.o(a;,) < l^i^l^^f exp {H, + < 



□ 



Step 4. estimates 

From the second order estimates, the Monge-Ampere equation (|3.15l) is uniformly elliptic on 
any compact set oiY\{EVJD). The C^-estimates are local estimates and can be derived 
by standard Schauder estimates and elliptic estimates. Therefore for any compact subset K of 
Y \{E D), there exist constants Ck,r such that 

\Wj\\cR{K) - Cr,k- 



Steps. Proof of Theorem |32] 

By taking a sequence, we can assume ipj Lp^o G L^iY, u^). Therefore 

ip^eC\Y)r\C^{Y\{EVJD)). 

On the other hand, one can choose different divisors D such that [x] — e[-D] > for all sufficiently 
small e > and the intersection of such divisors is contained in E. Therefore Lp^o € C^{Y\E). 
Each fibre of the resolution tt is connected and so tpoo is constant along the fibre since Lp^o G 
PSH{Y, x) n C°(y) and x > 0. Therefore tpoo descends to a solution ip E PSH{Xcan, x) n 
C^{Xcan) solving equation (13.121) as in Theorem 13. 2[ Furthermore, ip is smooth on X°^^. This 
completes the proof of Theorem 13. 2[ 

□ 



4 Canonical measures on algebraic manifolds of non-negative 
Kodaira dimension 

4.1 Canonical measures on surfaces of non-negative Kodaira dimension 

Let X be a Kahler surface of positive Kodaira dimension and Xmin be its minimal model derived 
by TT : X ^ Xmin contracting all the (—1) -curves E = UiEi. 

If kod(X) = 2, X is a surface of general type. Let $ : Xmin — ^ Xcan be holomorphic 
canonical map from Xmin to its canonical model Xcan with possible orbifold singularities. There 
exists a unique smooth orbifold Kahler- Einstein metric cu'^ on X^an- We define 

COKE = (tt o $)*a;t _^ y^ddlog \E\'^. 
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Choose a smooth positive (1, l)-form uo e —ci{Xrnin) and a smooth volume form VL with 
^/^ddlogVl = uj. Then <^*uj'^ = uj + y/^ddip for some ip G C°(Xmm) satisfying the 
following Monge- Ampere equation 



[CO 



n 

Furthermore, is smooth outside the exceptional locus of the pluricanonical system. Let i^KE = 
7T*(e'^n) the puUback of the unique holomorphic Kahler-Einstein volume from its canonical 
model. It is a continuous measure on X vanishing exactly on E of order one. Then = 

Ric{VtKE) on X and u^-^ = VLke onX\E. 

Proposition 4.1 Let X be a Kcihler surface of general type. Then 

1. ujke e -Ci{X), 

2. Kic{u}ke) = -^KE on X\E, 

3. hxE = ^~KE analytic Zariski decomposition for Kx- 

If kod(X) = 1, X is an elliptic surface. Let $ : X^in Xcan be the holomorphic 
pluricanonical fibration from Xmin to its canonical model Xcan- By Theorem 13.11 in Section 
3.2, there exist a canonical metric uj"^ on Xcan and a canonical measure Q) on X^in such that 

$*(cjt) G -ci{X^in) and Ric(l]t) = $*(cjt). Let fi^an = 7r*(l]t) and Ucan = Ric(fican- 

Proposition 4.2 Le? X be a Kcihler surface ofKodaira dimension 1. Then 

1. Ucan e -Ci{X), 

2. iJcan = {<^0 7iy{uJ^)onX\E. 

3- hcan = ^can analytic Zariski decomposition for Kx- 



4.2 Ricci-flat metrics on Kahler manifolds of zero Kodaira dimension 



There have been many interesting results on singular Ricci-flat metrics. In [EyGuZel |, singular 
Ricci- flat metrics are studied on normal Kahler spaces. In [ToJ, singular Ricci-flat metrics are 
derived as the limit of smooth Ricci-flat Kahler metrics along certain degeneration of Kahler 
classes. In this section, we construct singular Ricci-flat metrics on algebraic manifolds of Ko- 
daira dimension as an immediate application of Theorem 12.41 

Let X be an n-dimensional algebraic manifold of Kodaira dimension 0. Suppose L ^ X is 
a holomorphic line bundle such that L is big and semi-ample. There exists a big smooth semi- 
positive (1, l)-form Lu G Ci(L). Let t] G H'^{X, K^) be the holomorphic m-tuple n-form for 
some m G N{Kx)- Let 

i I = [j] ® Tj)"^ 
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be a smooth (n, n)-form on X and so j^Vt = [u)Y. Vt is independent of the choice of m G 
N{Kx) and rj because the Kodaira dimension of X is 0. f2 is unique up to a scalar multiplication 
and it can be degenerate because Kx is not necessarily nef. 
Consider the following degenerate Monge- Ampere equation 

{u + y/^dd^)'' = n. (4.1) 

By Theorem |2.4l there exists a continuous solution cptto equation (14.11) unique up to a constant. 

Let LUcY = uj + y/^dd^p. 

Proposition 4.3 ujcy is the unique closed semi-positive (1, 1) -current in Ci(L) with continuous 
local potential such that u'^y = Q and therefore outside the base locus of the pluricanonical 
system 

Ric(co'c'y) = 0. 

Furthermore, ujcy is smooth on a Zariski open set of X. 

4.3 Kahler-Einstein metrics on algebraic manifolds of general type 

In this section, we will prove Theorem B.l. Let X be an n-dimensional nonsingular algebraic 
variety of general type. 

We choose a sequence of resolution of indeterminacies of the pluricanonical systems 



(4.2) 

for mo sufficiently large, such that 
L 

(7fm)*(m!Kx) = + 

where Tf^ = vr^ o tt^.i o ... o tt^q. 

2. 

j 

is the fixed part of \7r^{m\Kx) \ with each Emj being a divisor with simple normal cross- 
ings. 

3. Lm is a globally generated line bundle on Xm- 

Let {am,j}'^=o be a basis of H°{X,m\Kx) and {Cm,j}j=o be a basis of H°{Xm,Lm) such 
that 

We can consider |crm,j|'^ as an smooth (n, ?7,)-form on X as amj G m\Kx- Let = 

(X]j=o I'^mj 1^) ^'^^ '^ben TT^i^m is a smooth and possibly degenerate volume form on X^. For 
simplicity we also use for (TrkYi^m) for all k > tuq. 

The following lemma is obviously by the construction of ^2^. 
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Lemma 4.1 On X and so on X^for k > itlq, 



^m+1 

Define a smooth closed semi-positive (1, l)-form uom on X^ by 



< oo. (4.3) 



m 



Obviously ^/^dd\og ^X]j=o 10 is the puUback of the Fubini-Study metric on CP*" from 
the linear system \Lm\- 

Theorem 4.1 Let Rm be the exceptional locus of the linear systems associated to Lm- There 
exists a unique solution tprn G C°(Xm) H C°°{Xm \ {UjEmj U Rm)) to the following Monge- 
Ampere equation 

{iOm + V^ddif) " = e'^fi^ . (4.4) 
Therefore ujKE,m = + yZ—^ddipm is a Kdhler-Einstein current on Xm satisfying 

1. ujKE,m is <^ positive current on X^ and strictly positive on X^ \ {UjEmj U -Rm). 

2. Ric{uJKE,m) = -^KE,m On Xm \ {UjEm,j). 

Proof Let Fm = ■ Fm has at worst pole singularities on X^ and 

I {Fmf^' = I {FmY^m < OO. 

By Theorem 12.41 there exists a unique Lpm G PSH{Xm,uJm) n C°(Xm) solving the equation 
(1441). 

Also Lm is an semi-ample line bundle and furthermore it is big. Then by Kodaira's Lemma, 
there exists a divisor [Fm] such that 



[Lm] - e[Fm] = - '-^[E^A - ^[F. 



is ample for sufficiently small e > 0. By a similar argument in the proof of Theorem l3.2l we can 

show that e (X^ \ {^jEmJ U Rm))- 

□ 

Corollary 4.1 e'^'^Qm descends from X^ to a continuous measure on X and hm = e"'^™!)^^ is 
a singular hermitian metric on X with its curvature > 0. Furthermore, on X\Bs{[m.QKx[), 



Idd log Qm + V-lddipm)'' = e^-^m. (4.5) 
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Proof e'^™f2m can be pulled back as a continuous volume form on X\Bs{'m\Kx)- On the other 
hand, ipm is uniformly bounded in L°°(X), also ^Im is smooth on X and vanishes exactly on 
Bs{\m\Kx\)- Therefore e'^'^Vlm is continuous on X. 

Bs{\m\Kx\) is a complete closed pluripolar set on X using H'^iX, m\Km)- Since logfim + 
ipm is uniformly bounded above and \^^dd\ogQrn + V—Tdd(prn is a positive closed (1, 1) 
current on X\Bs{\mQKx\), y/'^ddlogVlm + V—^ddipm extends to a positive closed current 
on X using local argument. 

Equation (14.51) is then derived directly from Equation (|4.4I) . 

□ 

Although 0/i„^ is a singular Kahler-Einstein metric on X, but without assuming finite gen- 
eration of canonical rings, {Kx, hm) is not necessarily an analytic Zariski decomposition. One 
has to let m tend to infinity in order for e'^'^^l^ to have the least vanishing order. 

Let D be an ample divisor on X such that Kx + -D is ample. Then there exists a hermitian 
metric ho on the line bundle induced by [D] such that ujq — y/^dd log ho > 0. We can also 
assume that D contains the base locus of all jmli^'xl for m > mo. 

Lemma 4.2 Let Qq be a smooth and nowhere vanishing volume form on X . Then there exists 
a constant C > such that for each m > mo, 

e'^^VLm < CVLo. 

Proof Let Xo = V—^dd log VIq. Let Dm be a divisor on X such that on X\Dm, is smooth 
and is strictly positive. Let D be an ample divisor on X. Let Sd^ be a defining function and 
be a smooth hermitian metric on the line bundle associated to [-Dm]- Let So be a defining 
function and /i/j be a smooth positively curved hermitian metric on the line bundle associated to 
[D]. 

Let 9o^ = —\/^dd\og hom ^i^d = —v^— 1(99 log /i^ > 0. We also define 

i^m,e = + log^ + e^Og \SdJI^ + 6 log | | . 

"0 

For simplicity, we use Xo ^iid VLq for (7fm)*Xo and (7fm)*^7o• Notice that xq is not necessarily 
positive and VLq might vanish somewhere on Xm- Then outside Dm and D, ■ipm,e satisfies the 
following equation 



(XO + e^Op^ + eOp + y/^aaiog^^,,)" _ 1-2.2, 1-2. 

It is easy to see that ^pm,e tends to — oo near Dm and D, and for e > sufficiently small, 



Od + ^(^Dm > 0. By the maximum principle 



|2e 







and 



^^™^"^<|C |-2^'|C |-2.^_ 12.2 |c |2e (XO + ^^^D^ 
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Now we let e tend to 0, and 



^ max 



^^0 



Proposition 4.4 e'^'^O^ is increasing, that is, on X 

Proof We shall compared e'^'^Qj^ and e'^'"+in„i+i on X^+i. Let 



(/Jm and </Jm+i are the solutions of 



< oo 



and 
Define 

and 

It is easy to see that 



1p = (fm+l -<Pm + loj 



v = {ze Xm+i I ^ < 0}. 



1^ C Um+l 

since both (/C^+i and iprn are in L°^(Xm+i). 

On Um+i, log ( — ) is holomorphic and so 



□ 



(4.6) 



= o;^ + \/^dd^Prn + V-idd \og{ipm+i - fm) + V^Od log 



1 \ 

(m+1)! \ 



V E;:oi(^-+i)*Cn..f ) y 



<^m + v—lddcpm + v—lddip + V— 195 log 



1/7! , , I (m+l)! 
l-'-^rrt+l I 

(7Tm+l)*-E'm|^ 



"^m + v—ldd(pm + y—lddip. 
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Hence ^ satisfies the following equation on Um+i 



(4.7) 



By the comparison test, 



Jv 
Jv 



Therefore \& = on F due to the fact that it is continuous on V, and so on X^+i 
This completes the proof. 

Proposition 4.5 There exists a measure VLk e on X such that 

2. (Kx, ^JIe) '■^ ^'^ analytic Zariski decomposition. Furthermore, on X 

^KE , ^X,. 

< oo and — < oo. 



□ 



fin 



n 



KB 



3. ujke = \/--^dd\ogVLKE £ —ci{X) is a closed positive Kdhler-Einstein current and on 

X\Bs{X,Kx), 

{ojkeT = ^KE and so Ric{ujKE) = -oJke- 
Proof By Lemma |431 and Proposition |4]4l we can define VLke 

^KE = lilll e'^"'Qrn 
m— >oo 

and ^ is uniformly bounded from above. Since ipm + log ^ G PSH{X, xo) and {i^m + 
log %^}^=m„ is convergent in L^{X). Also PSH{X, xo)r]L\X) is closed in Therefore 



lim ipm + log 

m— >oo 
fti. 



log 



KE 



in PSH{X, Xo) n L\X) and log ^ G PSH{X, xo) n L\X). 

Let hxE = ^K^E be the hermitian metric on Kx- By the construction of D-m, 
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I |2 ^ 
(7 km < OO 

' ' "■KE 

for any section a e H^{X, mKx). Therefore < oo and so 

H\X,Ox{mKx)®T{h^E)) H'{X,Ox{mKx)) 
is an isomorphism and (Xx, h^E) is an analytic Zariski decomposition. 

Since + log ^ converges uniformly on any compact set of X\Bs{X, Kx) to log 
we have on X\Bs{X, Kx), 

{^f^ddlognKET = lim {y/^ddXognm + = lim e^^O^ = O;^^. 

m— »oo m—*oo 

This concludes the proof of the proposition as well as Theorem B.l. 

□ 

Remark 4.1 The existence of such a canonical metric does not depend on the finite generation 
of the canonical ring of X. The regularity and uniqueness of such Kaher-Einstein metrics will 
be investigated in our future study. 



4.4 Algebraic manifolds of positive Kodaira dimension 

Let X be an n-dimensional nonsingular algebraic variety of Kodaira dimension k, where < 
K < n. Let $^ : ^ be the litaka fibration of X unique up to birational equivalence. Let 
$m be the pluricanonical map associated to the linear system \mKx\. Then for m sufficiently 
large there exists a commutative diagram 



X 



(4.8) 



as in Section 2.2. A very general fibre of has Kodaira dimension zero. 

We will generalize the notion of the Weil-Petersson metric on a special local deformation 
space of Kahler manifolds of zero Kodaira dimension. 

Definition 4.1 Let f : X ^ B be a holomorphic nonsingular fibration over a ball B e such 

that for any t E B, Xt — f~^{t) is a nonsingular fibre of dimension n — k. Let t — {ti, t^) 
be the holomorphic coordinates of B, where k = dimA^. Then each corresponds to an 
element G H^{Xt, T^J through the Kodaira-Spencer map l We assume that there exists 

a nontrivial holomorphic (n — 0)-form on X such that its restriction on each fibre X^ is 
also a nontrivial holomorphic {n — k, 0)-form on X. Then the Weil-Petersson metric is defined 
by the -inner product 



d_ 



d_ 



UJWP 



(4.9) 
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where is the contraction of^ and i(^). 

The metric defined above is a pseudometric and tlie associated closed (1, l)-form u^p is 
only semi-positive in general. In Definition 14 .11 uoy/p depends on the choice of the holomorphic 
{n — K, 0)- form \E', however, it is uniquely determined for the litaka fibration : X"^ ^ Y'^ by 
the following lemma. 

Lemma 4.3 The Weil-Petersson metric is well-defined on a Zariski open set of and it is 
unique. 

Proof Let S C F ^ be a nonsingular open neighborhood such that each fibre over B is nonsingu- 
lar. Let X = c X^. Without loss of generality, we assume H^{X\ Kx^) ^ 0, oth- 

erwise we can replace Kx by a sufficiently large power of Kx, and so H^{B, ^ 0. 

Then the assumption in Definition 14.11 can be satisfied. Let and ^2 be two holomorphic 
(n — k) -forms over B in Definition 14.11 Since a very general fibre has Kodaira dimension zero, 
for a general point t G B, 



^2 



= constant 



and so ^ 



Xt 



is constant on each point t G -B since ^ 



is smooth on X. 

Xt 



One can also represent uy/p as the curvature form of the first Hodge bundle with the 

same assumption as in Definition 14. 1[ Let \E' be a nonzero local holomorphic section of f^Vt^j'^ 
and one can define the hermitian metric hwp on f*^^~/p by 



l^tlw= / ^*A^t. (4.10) 

JXt 

Then the Weil-Petersson metric is given by 

uwp = Ric(/ivi/p). (4.11) 
Therefore the Weil-Petersson metric is unique on B. 



□ 



We choose a sequence of resolution of indeterminacies of the pluricanonical systems 



^\m\Kx\ 



X " " " ■ ■ ■ " Xm " " 

for mo sufficiently large, such that 
1. 

(7fm)*(m!i^x) = Lm + Em, 

where tt^ = vr^ o -k^-i ° ■■■ o tt^o. 



(4.12) 
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2. 

j 

is the fixed part of |(7fm)*(m!iCx)| with each Emj being a divisor with simple normal 
crossings. 

3. Ljn is a globally generated line bundle on Xjn- 

Let 1^ be the variety determined by the pluricanonical system Imli^xl and = be 
the rational map associated to the linear system \ Lm\ - Then we have the following diagram 

A " Am 

/ (4-13) 

Y 

There exists a commutative diagram by choosing mo sufficiently large 



^mo+1 



Am Am+1 



mo -"^ 



Mmo+2 



f m + 1 



Mm fJ.m + 1 fJ.m+2 



-mo+1 ■* "* -^m " -' m+1 

(4.14) 

of rational maps and holomorphic maps where the horizontal maps are birational and /i^ is given 
by the projection from |m!i^x| to |(m — l)!i^x| as a subspace of \m\Kx\- 

Let {a.m,j}'^=o be a basis of H^{X, m\Kx) and {Cm,j}j=o be a basis of L^) such that 



Then 



1 



(m + l)! 



< OO, 



where 1 + dm = dim m\Kx). 



Let fim = ( l]j=0 ® ) ^nd ^(m) = (^m)=,ilm. Let 



be the normalized Fubini-Study metric on Ym. Then the same argument in Proposition 13 .21 gives 
the following Lemma. 
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Lemma 4.4 There exists p — p{m) > 1 such that 



CO" 



(4.15) 



The following proposition is immediate as in Section 3.2. 



Proposition 4.6 There exists a unique solution (f^ £ PSH{Ym, cUm) H C°(y^) to the following 
Monge-Ampere equation 



Furthermore, ipm is smooth on a Zariski open set ofYm. 



(4.16) 



For simplicity, we abuse the notations and use Qrn for (Trfe)*^^ for k > mo without causing 
confusion. 

Lemma 4.5 There exists a Zariski open set U of l^+i such that-^^ is constant along each 
fibre of'^rn+i over U. 



Proof Let F 



'm+l 



and it is easy to see that F is smooth. We consider the following diagram 



/ 



m+l 



m+l 



Ft 



where : ^ Y^ is an litaka fibration of X. 

A very general fiber of $j is nonsingular of Kodaira dimension 0. Let Fs„ = ($t)-i(sg) 
be a very general fibre. Consider B = {s E Y^^ \ \s — sq\ < 5} such that for any s E B, 
Fs = ($t)-i(s) is non-singular. Let r]he a nowhere- vanishing holomorphic K-form on B. Then 



and 



(7rt)*a 



?7'" 



E H'{Fs,,m\KFj 



so 



^m+l 



EH%F,„{m + l)\KFj. 



Since dim PH°{F,^, kKp, )= for any A; > 1 and 



< oo. 



each 



m+l 



must be constant on 



so- 



Therefore f*F is constant on a very general fibre of By Hartog's theorem, f*F is smooth 
on X^ and so f*F is the pullback of a function on a Zariski open set of YK By the commutative 
diagram, on a Zariski open set of X^+i, F is the pullback of function on Y^+i and so F has to 
be constant on a very general fibre of ^^+1- 

□ 
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Hence S^"" descends to a function on Fm+i- By the commutative diagram, the following 

^ 'm + 1 

lemma is immediate. 

Lemma 4.6 For each m > mo, 

The following corollary is immediate by the diagram [4 .Mi Lemma |43] and \4~6i 
Corollary 4.2 For each m > mo, on Xm+i 

_ (/^m+l)*^(m) 
^(m+1) 

Lemma 4.7 Let Um+i = {s G l^+i | < oo}. Then fim+i is holomorphic on Um+i- 
Proof On (/7,„+i), 

Both Lm+i and {TXm)*Lm are globally generated. Therefore the base locus of 



2 

< — ^ — r- < OO. 



m+l 



((7r^+l)Vrn,j ) 
Em+l 



is outside ?7m+i and so ^m+i is well defined on Um+i- 



d„ 



j=0 



□ 



Proposition 4.7 For anj m > mo, measure e'^t™) Z5 increasing, that is, on l^+i 

(/i^+i)* (e'^(™)fi(„)) < e^('"+i)n(„+i). (4.17) 

Proof By resolution of singularities, we can assume y(m+i) is non-singular by replacing Ym+i 
by its non-singular model. Let u'^ = (nm+i)* ujm, v'm = (/im+i)>m and il'^^^ = {ij,m+i)*^{m)- 
So ip'^ satisfies the following Monge-Ampere equation 

on Um+i, where the a;^ is a smooth and positive, and so the Monge-Ampere mass (cj^ + y/^ddip 
is well-defined. Also (fm+i is the solution of 

Define 

; / , 1 ^(m+1) 
= ifm+i -(p^ + log — 



(m) 
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and V — {z E \ ip < 0}. Itis easy to see that 

since both (pm+i and ip'^ are in L°°{Ym+i). In particular, ip'^ e C^{Um+i)- 
On Um+i, log j smooth and so 



(^m+l + V-ldd(pm+l 

^ u;'^ + V^dd^'^ + V^dd \og{ifm+i -'P'J + log 
^ u;'^ + ^/^dWm + V^ddi^ - V^dd log (^^^^^±ltl_ 

\\{7Vm)*Em\'^ 

Hence t/j satisfies the following equation on Um+i 

By the comparison test, we have onV = {z e l^m+i I i'i^) < 0} C U^+i 



Jv 
Jv 



Therefore ^ = on y due to the fact that it is continuous on V, and so on F^+i 



> 0. 



This completes the proof. 



(4.18) 



□ 



For simplicity we again use for {^rn)*^m- We can consider Lp^ as a function on X, X„ 
or since they are all birationally equivalent. 



Corollary 4.3 For any m > mo, the measure e'^'^flm increasing, that is. 



(4.19) 
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Lemma 4.8 e'^'^Jl^ is continuous on X and let hm — e '^""^m hermitian metric on Kx- 

Then 

Qh > 0. 

Proof Obviously, e'^"'Qm is continuous on X\Bs{\m\Kx\) since the inverse of tt^ is isomor- 
phic from Xm\iTTm)~^iBs{\m\Kx\)) to X\{Bs{\m\Kx\). On the other hand, ipm G L°°(X) 
and Q„i vanishes exactly on Bs{\m\Kx\)- Hence e'^"'Q„i is continuous. 

\^^^^log^}Jn+^/—^^^(pm > OonX\i?s(|m!i^x|) and5s(|m!Kx|) isaclosed complete 
pluripolar set of X. By the fact that e'^'^Qm is bounded above on X, 



-199 log Qrri + V-ldd(prn 

extends to a closed positive current on X by local argument. This completes the proof of the 
lemma. 

□ 

Lemma 4.9 Let fl be a smooth volume form on Then there exist a divisor D of X^ and a 
constant C > such that 



e'^-O^ < \Sd&, (4.20) 

where Sd is a defining section of [D] and ho is a fixed smooth hermitian metric of the line 
bundle associated to [D\. 

Proof We consider again the following commutative diagram 

fr, 



9m 



Let a; be a Kahler metric and be a smooth and nowhere vanishing volume form on X'^. 
From the commutative diagram, on a Zariski open set of X^ we have 

Let = <^m + log if, Xo = V^dd log Qq- 

ipm satisfies the following Monge-Ampere equation on X^\{Tr^)~^ Bs{\mo\Kx\), 



where 



fir 



Let Di be a divisor of X^ containing (tt^") ^Bs{\mo\Kx\) such that the defining section 
of [Di] satisfies 
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where hi is a fixed smooth hermitian metric of the line bundle associated to [Di]. Obviously, 
Di is independent of the choice of m. Let Qhi — —V—Tdd log hi. 

Let D2 be an ample divisor of independent on the choice of m such that for a smooth 
hermitian metric h2, we have 

Qh2 = -V^ddlogh2 > -Qhi- 

Let S2 be the defining section of D2 

Let D3 be a divisor of depending on the choice of m such that i/j^ G C°^{X'^\D3). Let 
^3 be the defining section of D3 and /is be a fixed smooth hermitian metric of the line bundle 
associated to [D3]. We define Qhs — —v^— 195 log hs and for e > sufficiently small 

Now we let 

V'm.e = + log l^il^^ + log 1^21^2 +elog|53|^3, 

and so (frn,e satisfies 

(Xo + Oh, + ©ft. + eOhs + V^dd\ogi;m,er A a;"-" = ^^^^^^r^^o- (4.21) 

The maximum of ^ can only be achieved in X^\{Di U D2 U D3). Then by the maximum 
principle, 

SUp^^,, < sup |5lUJ52U2(l'53U3) ^ = Cm,e, (4.22) 

where lim.^oo Crn,c = Cm,o = supxt (l'S'i|feJ-S'2|^2 fho'^ ^'^ — ) ^'".o indepen- 

dent of the choice of m. 

Now let e tend to 0. Then there exists a constant C > independent of the choice of m such 
that 

sup V'm < C*, 
Xt 

that is, there exists C" > independent of m such that 

e'^-Qm < c'\Si\j;^\S2\^;no. 

□ 

Proposition 4.8 There exists a measure flcan on X such that 
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/ O = lim pfmC) 

2. {Kx , ^can) analytic Zariski decomposition. Furthermore, 

— — < oo, ana — — < oo. 
Proof By Corollary 14.31 and Lemmc(4]9l we can define Vtcan 

^can lini c'^ 

m— >oo 

and ^ < oo. Since ipm + log^ G PSH{X,xo) and + log§^}~=^^ is convergent in 
L\X). Also PSH{X, xo) n L^ lx) is closed in L\X). Therefore 

hm [(pm + \og — ] = log -p— 

in PSH{X, Xo) n L^{X) and log %f < oo. 

Let hcan = ^can ^6 the hermitian metric on Kx- By the construction of ^Im, 

\a\l„, < oo 

"'can 

for any section a G H^iX, mKx)- Hence < oo and 

H\X, OximKx) ® I{hZn)) ^ ^°(^, Ox{mKx)) 
is an isomorphism and {Kx, hcan) is an analytic Zariski decomposition. 

□ 

Proposition 4.9 Let VL^ = {n'^)*Qcan- There exists a closed positive (1, l)-current lo" on 
such that ($^^) uj'^ = \/—ldd logi7^ on a Zariski open set of X"^. Furthermore, on a Zariski 
open set ofY\ we have 



($^)*^^^ (4.23) 

and so 

Kic{J) = - J + uwp- (4.24) 
Proof Let ipm = (fm + log Both ipm and (pm descend to Y"^ and by Proposition 14.81 



fit 

hm tlj^ = ilj^ = log 



Consider 

Xm - X^ 



Ym Y^ 
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For simplicity, we use cOm for {gm)*uJrn- Let D^^ be a divisor of Y'' such that on X\Dmo, ujq is 
smooth and log < oo. Also on Y\Dmo, 

Since ipm converges uniformly on any compact set of Y'^\Dmo to tpoo, vve have on Y'^\Dmo, 

m— »oo m— >oo 

Let ui"^ = uorno + ^f—lddipoo- Since it is a closed positive current on Y\Dmo and it can be 
extended to a closed positive current on Y . 

Also ($"^)*ct;™o = ^f^ddXogVt^^ on Xt\(7rt)-i(Ss(|mo!Kx|))- This implies that on 

X\{n^)-\Bs{\mo\Kx\)\ 

Furthermore, we have = ^fllf^Z" and so 



Ric(a;^) = V^dd\og{^^),n^ 



-J + v^<991og(<l>"^),fi„o - V^ddlogVL 



mo 



-a;"'' + uwp- 



□ 

Propo sition 14.81 and Proposition 14.91 conclude the proof of Theorem B.2. 

4.5 Uniqueness assuming finite generation of the canonical ring 

If the canonical ring {X, Rx) is finitely generated, the canonical model Xcan is unique and can 
be constructed by the pluricanonical system \mKx\ for sufficiently large m. In this section, 
we will prove the uniqueness of the canonical measures constructed in Section 4.3 and 4.4 by 
assuming finite generation of the canonical ring. Furthermore, the canonical measure can be 
considered as a birational invariant. 

Theorem 4.2 Let X be an algebraic manifold of general type. If the canonical ring R{X, Kx) 
is finitely generated, the Kdhler-Einstein measure in Theorem B. 1 is constructed in finite steps. 
Furthermore, it is continuous on X and smooth on a Zariski open dense set ofX. 

Theorem 14. 2 1 is an immediate consequence from the proof of Theorem B.l with the assump- 
tion of finite generation of the canonical ring. The following theorem is proved in [ EyGuZeT| . 



Theorem 4.3 Let X be an algebraic manifold of general type. If the canonical ring R{X, Kx) 
is finitely generated, Xcan will have only canonical singularities and there exists a unique 
Kdhler-Einstein metric ujcan on Xcan with a continuous potential. 

Theorem C. 1 is then proved as a corollary of Theorem 14.21 and Theorem 14. 31 
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Corollary 4.4 Let X be an n-dimensional algebraic manifold of general type. Suppose that the 
canonical ring R{X, Kx) is finitely generated and tt : X Xcan is the pluricanonical map. 
Let uJcan be the unique Kdhler-Einstein metric on Xcan cis in Theorem \4. 3\ and Qke = '^*{^can)- 
Then {X, ^^]^^) coincides with the analytic Zariski decomposition constructed in Theorem B.L 

Proof Since the canonical ring R{X, Kx) is finitely generated, the pluricanonical map is sta- 
bilized for sufficiently large power so that the proof of Theorem B.l terminates in finite steps. 
It is then straightforward to check that the Kahler-Einstein metric constructed in Theorem B.l 
satisfies the same Monge- Ampere equation on the unique canonical model of X in Theorem 14. 3 1 
(see flEyGuZeip ). 



We shall now prove Theorem C.2. 

Definition 4.2 Suppose that X is an n-dimensional algebraic manifold of Kodaira dimension 
< K < n and the canonical ring R{X, Kx) is finitely generated. Let $ : X Xcan be 
the pluricanonical map. There exists a nonsingular model X'' of X and the following diagram 
holds 



X^ ^ xt 



Xc 




(4.25) 



where tv'^ is barational and the generic fibre o/$^ has Kodaira dimension 0. 
L Then the pushforward measure on Xcan is defined by 

= ($t)^ {{n^yn) . (4.26) 
2. Let $ = $m be the pluricanonical map associated to a basis {o"j„}^"^Q of the linear 

system \niKx \, for m sufficiently large. Let Vtm = {Yl'j^=Q (^jm ® ^7^^ " ^"'^ ^fs be the 
Fubini-Study metric o/CP'^'" restricted on Xcan associated to Then we defined lowp 

by 

^WP = — + V^dd\og<^^nrn- (4.27) 

m 

In particular, uowp coincides with ujy/p in Definition 14. 1 1 on a Zariski open set of Xcan- 
Lemma 4.10 is independent of the choice of the diagram in Definition \4.2\ 
Proof Let p be a test function on Xcan- Then 

which is independent of the choice of the diagram [4.251 

□ 
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Since the generic fibre of has Kodaira dimension 0, by the same argument in Lemma |43l 
we have the following lemma. 

Lemma 4.11 Let {cr -^''}^''^Q and {af'^}'^''^Q be basis of the linear systems \pKx\ and \qK_ 



forp and q sufficiently large. Let ^l^^^ = ^X]ip=o ^ip ® ^) '^^^ ^'^'^^ ~ {Yl'jl=o ^jq ® 
Then (vr^)* (^§{57 j is constant on any generic fibre and so 



^ i^'r ■ (4-28) 



Lemma 4.12 The definition ofujwp only depends on X. 

Proof By Lemma 14.101 the definition of VLwp does not depend on the choice of the diagram 
14.131 Let {cr]^''}^^=o ^'^d Wf^}'fq=Q be basis of the linear systems \pKx \ and \qKx\, forp and q 

sufficiently large. Let n^^) = (eJ=o ^> ® ^) ^ and n^^) = (e ■:=o ® ^) ' • 

Let and ujpl be the Fubini-Study metrics of CP'^'' and CP'^'' restricted on X^an associ- 
ated to $p and $q. Then by avoiding the base locus of R{X'^ , Kx^), there exist a Zariski open 
set U of Xcan and a Zariski open set V of X\ such that on V 



1 (1) 1 (2) f^*^^'^ 



and so on U, 



-.---.-=^-iaSlog^^j. (4.29) 

Since ^cupl and ^copl are in the same class, and log ^§^§{57^ is in L°°{Xcan), Equation r4.29l 
holds everywhere on Xcan- Therefore the following equality completes the proof of the lemma 



^(1) n(i) _ . ,(2) 

P 

□ 



Theorem 4.4 Suppose that X is an n-dimensional algebraic manifold of Kodaira dimension 
< K < n. If the canonical ring R{X, Kx) is finitely generated, Xcan is the canonical model 
of X, then there exists a unique canonical measure f2can on X satisfying 

L f2cara is continuous on X and smooth on a Zariski open set of X. 

2. < < 00 and {Kx, ^can) i^ analytic Zariski decomposition. 
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3. Let $ : X X^an be the pluricanonical map. Then there exists a unique closed 
positive (1, 1) -current uOcan with bounded local potential on Xcan such that ^*uJcan — 
-Idd log flcan outside the base locus of the pluricanonical system. Furthermore, 




SO on a Zariski open set of Xcan we have 

'Ric{uJcan) — —^can + i^WP- 

Furthermore, Qcan is invariant under birational transformations. 
Proof If R{X, Kx) is finitely generated, there exists the following diagram 

X^ xt 



^can 



where X^an is the canonical model of X and is the resolution of the stable base locus of the 
pluricanonical systems such that (tt^) MKx = Lm + Em for sufficiently large M, where Lm 
is globally generated and Em is the fixed part of | (tt'I") * MKx \ with Em being a divisor with 
normal crossings. X^ is an litaka fibration over Xcan such that the generic fibre has Kodaira 
dimension 0. Let {(Jjjj^Q be a basis of H°{X, MKx) and {Cj}j=o be a basis of Lm) 
such that 

(7rt)Vj = QEm- 

Let fl — TT^ (j2m=o^'jZ=o I'^jml^^ t>e a degenerate smooth volume form on X'^ and 

a; = ■^\/^dd\og (Yl'j=o lOP^- Then the following Monge-Ampere equation has a unique 
continuous solution cp on Xcan 

{u + ^/^ddip)'' = e^($^),f). (4.30) 

Furthermore, (p is smooth on a Zariski open set of Xcan and so is Ucan = uj + ^/—l^^(p. 

Let = (-^t)*($t) n an (n — /€, n — /«)-current on X"^ . On a generic fibre F, Q\p = rj Af] 
for some ij e H^{X, Kp). So without loss of generality, we assume that on 



Therefore on X°, 



can 



LOwp = \f—ldd\ogQ — -^V^ddlog \Em\'^- 



^cluJcan) — —^can + COwP- 
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On the other hand, we define 

(M dm 
m=Ojm=0 

From the regularity of cp, ^Ican is continuous on X and smooth on a Zariski open set of X and 

/ M dm \ 

\m=Ojm=0 / 

We then shall prove the uniqueness of ^Ican- Suppose there exists another measure sat- 
isfying the assumptions in the theorem. Then let Vl' = e"^ fi. Since ^*lofs = v^— 19(9 log 1) 
and ^/^^^ log fi' — ^/^dd log i7 is a puUback from Xcan- Therefore on a Zariski open set a 
generic fibre F of ^\ we have 

V^dFdFlogin^r (^^ = 0^ = v^M^(7rt)>'. 

Since (n'^yip' E L°°{F), (tt^)*;/?' is constant along F. So tp' descends to X^an and satisfies 
the following Monge- Ampere equation 

{u + ^/^ddif'Y = e'^'^.n. (4.31) 

By the uniqueness of the solution of Equation 14.3 1[ = fican and we have proved the unique- 
ness of n^an- 

Finally we shall prove that fican and ^*iOcan are birational invariants. Suppose and X(2) 
are birational with Xcan being the canonical model. Then we have the following diagram 

^(1) " -^(2) 
$(1) ■ ^. ■ $(2) 

where / is birational, ^^^^ and are the pluricanonical maps. Fix on X(i) as constructed as 
in the proof of uniqueness, then by Hartog's theorem, f*n is smooth and can be constructed the 
same way. By replacing X(i) and X(2) by their litaka fibration, it is straightforward to show that 

($«),^] = ($(^))4r^]). 

Let = y/^ddlogn, = e'^t^fi and 1](2) = e^'^^^ f*n be the unique canonical 

measures on X{i) and X{2)- Both Lp^i) and (/?(2) descend to PSH{X, lu) Pi L°°{Xcan) and satisfy 



The uniqueness of the solution to the above Monge-Ampere equation implies that = (/?(2) 
and so 

□ 
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5 The Kahler-Ricci flow 



5.1 Reduction of the normalized Kahler-Ricci flow 

Let X be an n-dimensional compact Kahler manifold. A Kahler metric can be given by its 
Kahler form u on X. In local coordinates zi, Zn, v^e can write u as 

n 



uj = V — 1 > gijdzi A dzj 



where {gij} is a positive definite hermitian matrix function. Consider the normalized Kahler- 
Ricci flow 

^^ = -RicKt,-))-u;(t,-), 

(5.1) 

a;(0, ■) = Uq. 

where Ric(a;(t, ■)) denotes the Ricci curvature of uj{t, ■) and loq is a given Kahler metrics. 
Let Ka{X) denote the Kahler cone of X, that is, 

Ka{X) = {[uj]e H^-\X,Il) I [u] > 0}. 

Suppose that ^{t, ■) is a solution of (15.11 ) on [0, T). Then its induced equation on Kahler classes 
in Ka{X) is given by the following ordinary differential equation 

%1 = -2.c.(X) - M 

(5.2) 

[uj]\t=o = 
It follows 

[u{t, ■)] = -2^Ci(X) + e-\[ujo] + 2ttci{X)). 

Now if we assume that canonical bundle Kx is semi-positive, then for a sufficiently large integer 
m, the pluricanonical map associated to H^(X,mKx) gives rise to an algebraic fibre space 
f : X ^ Xcan, where X^an is the canonical model of X. Recall the Kodaira dimension kod(X) 
of X is defined to be the dimension of Xcan- Moreover, there is a smooth Kahler form x as 
the Fubini-Study metric associated to a basis of H^{X, mKx) on the normal Kahler space X^an 
such that f*x represents —2'kci{X). Choose the reference Kahler metric Ut by 

uJt = X + e-\uj^-x)- (5.3) 
Here we abuse the notation by identifying x and f*x for simplicity. Then the solution of (15.11) 
can be written as 

UJ = uJt + V—lddip. 

We can always choose a smooth volume form f2 on X such that Ric(i7) = x- Then the evolution 
for the Kahler potential Lp is given by the following initial value problem: 

dip , e("-^)*(cjt + v^<9a(^)" 

dt Q (5 4) 

^\t=o = 0, 
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where k = kod{X). 



5.2 Kahler-Ricci flow on algebraic manifolds with semi-positive canonical 
line bundle 

Theorem 5.1 Let X be a nonsingular algebraic variety with semi ample canonical line bundle 
Kx and so X admits a holomorphic fibration over its canonical model X^an f '■ X Xcan- 
Then for any initial Kdhler metric, the Kahler-Ricci flow di.il) has a global solution uj{t, ■) for 
all time t G [0, oo) satisfying: 

1. uj{t, ■) converges to f*ujoo ^ —2tici{X) as currents for a positive current uj^o on S. 

2. tUoo is smooth on X°^^ and satisfles the generalized Kdhler-Einstein equation on X°^^ 

Ric(a;oo) = -uJoo + ^wp, (5-5) 
where uwp is the induced Weil-Petersson metric. 

3. for any compact subset K G Xreg. there is a constant Ck such that 

||^(t,-)IU°=(x) + e("-'^)* sup ||(a;(t,-)r-1/-i(s)||L- <C^. (5.6) 

/-l(s)Gi^ 



Corollary 5.1 Let X be a nonsingular algebraic variety with semi-ample canonical bundle. If 
X°^^ = Xcan, is., Xcan is nonsingular and f : X Xcan has no singular flbres, then for any 
initial Kdhler metric, the Kahler-Ricci flow t\Ll\) converges to a smooth limit metric f*ujoo G Kx 
satisfying 

Ric(a;oo) = -cUoo + ujwp- (5-V) 
Step L Zeroth order and volume estimates 

We will first derive the zeroth order estimates for (p and ^ . 

Lemma 5.1 Let Lp be a solution of the Kahler-Ricci flow A5.4\) . There exists a constant C > 
such that on [0, oo) x X 

L ^<C, 

{n-K)t n 

Proof The lemma is a straightforward application of the maximum principle and can be proved 
by the same argument as in HSoTiL 

□ 
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Proposition 5.1 There exists a constant C > such that on [0, oo) x X 

W\ < C. (5.8) 
Proof Rewrite the parabolic flow as a family of Monge- Ampere equations 

We will apply Theorem 12.51 by letting F{t, •) = e^"'"'^"^""''^*. Notice that there exists a 
constant Ci > such that < F < de-^""'')*, 



^-(n-K)t 



and 



The assumptions in Theorem 12.51 for F and Ut are satisfied. Therefore sup;^ cp — infx f is 
uniformly bounded for all t E [0, oo). Since is uniformly bounded from above, the proposition 
is proved and the uniform C^-estimate is obtained. 

□ 

The following estimate can be proved in the same way as in flSoTill . 
Lemma 5.2 There exists a divisor D on X^an ^nd constants Ci and C2 > such that 

^>Cr\og\S\l-C2, (5.9) 

where S is a defining section of f*D and h is a fixed smooth hermitian metric of the line bundle 
associated to [f*D]. 

Step 2. Partial second order estimates and collapsing 

Proposition 5.2 There exist a divisor D on X^an <^nd constants A, C > such that 

C 

\S\h 



tr^(x) < (5.10) 



where S is a defining section of f*D and h is smooth hermitian metric of the line bundle asso- 
ciated to the divisor [f*D]. 

Proof Since Xcan might be singular, we can consider the nonsingular model /' : X' — > Y' for 
/ : X — i> Xcan such that following diagram commutes 

X X' 

f 

-^can "* 7, Y 
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where tt and fi are birational. 

Let (p' = 7r*(/9, x' = fJ'*X^ = ^' = ^*^- We also write x' for {f')*x' for 

simplicity. 

Let 6* be a Kahler form on Y' such that 9 > x' ■ For simplicity, we identify 6 and x' with 
{f')*0 and {f')*x! ■ Since x' is semi-positive induced by the Fubini-Study metric and it only 
vanishes along a subvariety of Y' with finite order, there exists a divisor Di on Y' such that 

where S*! is a defining section of (f')*Di with /ii a smooth hermitian metric of the line bundle 
associated to [{f')*Di]. Without loss of generality, we can assume that the support of fi*D in 
Lemma 1521 is contained in Di. 
Let 

where g' is the Kahler metric associated to cu'. The Kahler- Ricci flow for cu can be pulled back 
to the Kahler-Ricci flow for uj' on X' outside the exceptional divisors. Let A' be the Laplace 
operator associated to g'. We have then 

tTgie) < -^tvgix')- 

Following the similar calculation in HSoTiH . we have 

(^^-A'^logti<C(w+l) (5.11) 

Since [x'] is big and semi-ample, there exists a divisor D2 on Y' such that [x'] — e[D2] is 
ample for any e > 0. Then let S2 be the defining section for (f')*D2 and there exists a smooth 
hermitian metric /i2 on the line bundle associated to [D2] such that 

X' - eQh, = X+ eV^ddhgh2 > 0. 

For simplicity, we identify h2 and (/')*/i2. 

Let D3 be a divisor on X' containing the exceptional divisor of tt on X'. Let ^3 be the 
defining section of [D^] . There exists a smooth hermitian metric on the line bundle associated 
to [D3] such that for all sufficiently small 6 > 

CO'O + SQh; > 0. 

We define 

f'^ = - elog\S2\l^. 
Then there exists a constant C > depending on e such that 

A'lp'^ = n- trgi{uj^ - eQhi) < n - Ctig/O - e~^\ig,{J^ = n- Cu - e~*trg/ (cjo) . 
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Calculate for sufficiently large A > and small e > and 6 > 



< -Au + C -6e-nog\S3\l^-2A 



'dt ■ 



for alH > in X'\{Di U D2U D3). 

The maximum of log | ^1 1 ^ J ^3 1 If uj - 2A(p'^ can only be achieved on X'\ (Di U ^2 U Z^g) • 
The maximum principle implies that there exist constants A, C > independent of 6 such that 

for all (t, z) e [0, 00) X X' 

The proposition is then proved by letting 5^0. 

□ 

From the uniform upper bound of a;", one immediately concludes that the volume of a reg- 
ular fibre of / tends to exponentially fast uniformly away from the singular fibres. 

Corollary 5.2 There exists a divisor D on Xcan and constants X, C > such that for allt>0 
and s G X^an 

( I A"^'' ^ 

^ '^"^ < ^-in-K)t ^ 

where uJo\x^ ^f^d uj\x^ ^he restriction o/uq and Ug on Xg = S is a defining section 

of f*D and h is smooth hermitian metric of the line bundle associated to the divisor [f*D]. 

Proof Notice that 



(WoljfJ ^0 '\X ^ '\X \ ^ J ^0 '^X 

The corollary is then proved by Lemma [STTI and Proposition 15 .21 



□ 



Corollary 5.3 For any compact set K C X°^^, there exists a constant Ck such that for allt > 
and s E K 

sup(/?(t, ■) -inf ■) < Cxe~*. (5.13) 

Proof The Poincare and Sobolev constants with respect to iOo\x^ for s E K are uniformly 
bounded. The proof of the corollary is achieved by Corollary 15.21 and Moser's iteration in Yau's 
C°-estimate for the Calabi conjecture. 

□ 
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Step 3. Gradient estimates The gradient estimates in this section are obtained in the same way 
as in [jSoTii and it is an adaption from the gradient estimate in HChYal and the argument in [iPell 
to obtain a uniform bound for | V ^ | and the scalar curvature R. Let u = ^ + (p = log e^" ^^'^^ . 
The evolution equation for u is given by 

— = Au + tr^ix) - (n- k). (5.14) 

We will obtain a gradient estimate for u, which will help us bound the scalar curvature from 
below. Note that u is uniformly bounded from above, so we can find a constant A > such that 

A-u>l. 

Theorem 5.2 There exist constants A, C > such that 

1. |S|f|V«p<C(A-«), 

2. -I^lf Am < C(A-m), 

where V is the gradient operator with respect to the metric g associated to u along the flow and 
\ ' \ ~ \ ' \g- 

Theorem 15.21 is proved the same way as in HSoTH with little modification. The following 
corollary is immediate by Theorem 15. 21 Lemma [STTI and Lemma [S!2l 

Corollary 5.4 For any S > 0, there exist constants X, C > such that 

1. \S\l'\Vu\' < C, 

2. -\S\l^Au<C. 

Now we are in the position to prove a uniform bound for the scalar curvature. The following 
corollary tells that the Kahler-Ricci flow will collapse with bounded scalar curvature away from 
the singular fibres. 

Corollary 5.5 Along the Kdher-Ricci flow di.il) the scalar curvature R is uniformly bounded on 
any compact subset ofXreg- More precisely, there exist constants \, C > such that 

-C<R<-§^. (5.15) 

Proof It suffices to give an upper bound for R since the scalar curvature R is uniformly bounded 
from below by the maximum principle (cf. HSoTiH ). Notice that Rjj = —Ufj — Xfj ^^d then 

R = -Au-tr^{x). 

By Corollary 15. 41 and the partial second order estimate, there exist constants Ag, C > such that 

C 



□ 
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Step 4. Uniform convergence 

Let (foo be the unique solution solving equation (13.121) in Theorem 13 .21 We identify f*ipoo and 
ifoo for convenience. 

Since Kx is semi-ample, there exists an ample line bundle L on Xcan such that Kx = 
f * L = for a fixed pluricanonical map. Let D be an ample divisor on Xcan such that 

[D] = ij[L] for a sufficiently large integer jj, X^an \ ^can ^ D and (p^ G C°°(Xcan \ D). Let 
Sd be the defining section of D. Let hps be the Fubini study metric on C(l) induced by the 
pluricanonical map. Then there exists a continuous hermitian metric hp, = (hps)"' g-p-Vcc 

such that — \/^9c)log/i/5 = uxoo since (/^oo is continuous. 

We define 

BriD) = {yE Xcan \ dist^{y, D) < r} 

be the geodesic tubular neighborhood of D with respect to x ^iid we let Br{D) = {Br{D)). 

Since ipoo is bounded on X and if is uniformly bounded from above. Therefore for any 
e > 0, there exists > with lim^^o i"t = 0, such that for any z E B.,.^ (D) and t > we have 

i^-^oo + eloglSoll^) {t,z) < -1 

and 

{(f - v9oo - e\og\Sn\lj^) it,z) > 1 

Let r/e be a smooth cut off function on Xcan such that r/^ = 1 on Xcam \ (D) and rj^ = 
on Br_^{D). 

Suppose the semi-flat closed form is given hy ujsf = + V—TddpsF and psF blows up 
near the singular fibres. We let be an approximation for p^i;' given by 

Pe = {f*Ve)pSF- 

We also define uJsF,t = + V—lddp^. Now we define the twisted difference of and (foe by 

C = ¥'-(l + e)v5oo-e"Ve + elog|5D|ho 



and 



= - (1 - e)v5oo - e Ve-elogl^DlL 



where Sd is the defining section of D and /i is a fixed smooth hermitian metric of the line bundle 
induced by [D]. We identify /* (^ISoWj^) and {Snlh^ for convenience. 

Proposition 5.3 There exists cq > such that for any < e < eo, there exists > such that 
for any z E X and t > T^we have 

^;{t,z)<2e. (5.16) 

and 

> -2e. (5.17) 
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Proof The evolution equation for ip^ is given by 



log 



i^e - ^^oc + elog\S\l. 



(5.18) 

Since is bounded on X, we can always choose Ti > sufficiently large such that for t > Ti 



1. 'il;:{t,z) on BrSD), 



2 

(n-p)t 



p . n — p 



<eonX\BrXD). 



We will discuss in two cases for t > Ti. 

1. If ijj'maxii) = To^iaxx^p'it,-) = ^~ {t , z-^ax ,t) > for all t > Ti. Then Zmax,t e X \ 
BrXD) for all t > Ti and so uJsF,e{^rnax,t) = i^SF{zmax,t)- Applying the maximum 
principle at Zmax,t, we have 



dip; 

dt 



< log 



■ (ty Zmax,t) 

3("-'^^'((l + r//-(-')Xoc-r^... + ^ 



log 



v 



A -e^oo + elog|5|^ 



< + log (1 + + l)e) + e. 

Applying the maximum principle again, we have 

C < {A + 2)e + 0{e-') < (^ + 3)e), 
if we choose e sufficiently small in the beginning and then t sufficiently large. 



(5.19) 



2. If there exists to > Ti such that max^^x '07(^0, z) = ■07 (to, 2^0) < for some zq G X. 
Assume ti is the first time when maxzex,t<ti V''7(^5 z) = "07(^15 ^i) > + 3)e. Then 
zi e X \ Br^ (D) and applying the maximum principle we have 



, e("-'^)*((l + 6/i - e-*)xoo + e-'iOsF,er ^ , 1^,2 

log 7 ^ ■ -e'/'oo + elog|5|;, 



J 



< log(l + (^+l)e)+e< (^ + 2)e. 
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which contradicts the assumption that i/j^ (ti, zi) > {A + 3)e. Hence we have 

C < + 3)e. 

By the same argument we have 

i^t > -(^ + 3)e. 

This completes the proof. □ 

Proposition 5.4 On any compact set K of X\D, we have 

Um||v?(t,-)-<^oo(-)llco(i^) = 0. (5.20) 

Proof By Proposition 15. 3 [ we have for t > 

Vooit.z) + e\og\S\l{t,z) -3e < '^{t,z) < (pooit,z) - elog |S'|^(t, 2;) + 3e. 
Then the proposition is proved by letting e — >^ 0. 

□ 

5.3 Kahler-Ricci flow and minimal model program 

The Kahler-Ricci flow on algebraic manifolds of positive Kodaira dimension seems to be closely 
related to the minimal model program in algebraic geometry. 

For any nonsingular minimal model X of positive Kodaira dimension, the canonical line 
bundle Kx is nef and so the Kahler-Ricci flow (|5.1I) has long time existence UTiZhall . The 
abundance conjecture predicts that Kx is semi-ample, hence the canonical ring of X is finitely 
generated. If we assume the abundance conjecture, the Kahler-Ricci flow will converge to the 
unique canonical metric on the canonical model Xcan associated to X for any initial Kahler 
metric by Theorem A. 

If X is not minimal, the Kahler-Ricci flow (15.11) will develop finite time singularities. Let Ti 
be the first time such that e^^fwo] — (1 — e^*)27rci(X) fails to be a Kahler class. Adopting argu- 
ments in UTiZhaH . one can show that there is a unique limiting current ujTii') = lim ^(^i ■) ^ 

e~^^ [loq] — (1 — e~^^ )27rci (X) and it is smooth outside an analytic subvariety of X. Furthermore, 
the local potential lpti of uj^^ is continuous. We conjecture that Xi, the metric completion of 

, is again an algebraic variety and Xi can be obtained by certain standard algebraic procedure 
such as a blow-down or flip. It is reasonable to expect that such a variety Xi does not have too 
bad singularities. In particular, we expect that a weak Kahler-Ricci flow can be defined on Xi. 
Suppose this is true, we hope that the above procedure can be repeated as long as the canonical 
line bundle is not nef. We further conjecture that after repeating the above process finitely many 
times, we obtain the metric completions Xi, X2, ... , X^ such that Kxj^ is nef ! Consequently, 
Xn is a minimal model of X. 

It provides a new understanding of the minimal model program from an analytic point of 
view. We believe that it is interesting to further explore this connection between the minimal 
model program and the study of the regularity and convergence problem of the Kahler-Ricci 
flow on algebraic varieties. 
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6 Adjunction formulas for energy functionals 



6.1 Generalized constant scalar curvature Kahler metrics 

In fact, the canonical metrics in Section 3 belong to a class of Kahler metrics which generalize 
Calabi's extremal metrics. Let F be a Kahler manifold of complex dimension n together with 
a fixed closed (l,l)-form 9. Fix a Kahler class [u], denote by JC^^^ the space of Kahler metrics 
within the same Kahler class, that is, all Kahler metrics of the form cu^ = tu + y/^ddLp. One 
may consider the following equation: 

dV^ = 0, (6.1) 

where is defined by 

uj^{V^,-)=diSiuj^)-tr^^ie)). (6.2) 

Clearly, when 9 = 0, (16.11) is exactly the equation for Calabi's extremal metrics. For this reason, 
we call a solution of (16.11) a generalized extremal metric. If Y does not admit any nontrivial 
holomorphic vector fields, then any generalized extremal metric cu^ satisfies 

S{uj^)~tr^^{9)=fi, (6.3) 

where /i is the constant given by 

{27rc,{Y) - [9]) . [ur~^ 



Moreover, if 27rci(y) — [9] = X[uj], then any such a metric satisfies 

Ric(u;(^) = Xio^ + 9, 

that is, Lu^p is a generalized Kahler-Einstein metric. This can be proved by an easy application of 
the Hodge theory. More interestingly, if we take 9 to be the pull-back of ujwp by / : 
AdcY, then we get back those generalized Kahler-Einstein metrics which arise from limits of 
the Kahler-Ricci flow. 

Let / : X — > S be a Kahler surface admitting a non- singular holomorphic fibration over 
a Riemann surface S of genus greater than one, with fibres of genus at least 2. Let V be the 
vertical tangent bundle of X and [ujt] = — /*Ci(S) —tci{V). 

Let X be a Kahler form in — ci(S) and G —ci{V). Then ujq = ujh® 9x, where uh is the 
hyperbolic Kahler form on each fiber and 6' is a smooth function on X. We then set 

ujt = x + i^o- 
The following theorem is proved by Fine in [iFil . 

Theorem 6.1 For t > sufficiently small, there exists a constant scalar curvature Kahler metric 
in [ujt\. Furthermore, such a family of constant scalar curvature Kahler metrics converge to a 
Kahler metric Xoo on S defined by 

S{xoo)-tr^JO)= const. (6.4) 
where 9 is the Weil-Petersson metric pulled back from the moduli spaces of the fibre curves. 
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6.2 Asymptotics of the Mabuchi energy by the large Kahler structure lim- 
its 

Let X be an n-dimensional compact Kahler manifold and uj a Kahler form. The Mabuchi energy 
functional /C^(-) is defined on PSH{X, u) as follows 



i=o ^ i=o ■ 

27rci(X)-[a;]'^ 



where uj^ = uj + v— T(?(?(/9 and /i 

Definition 6.1 Le? X be a compact Kahler manifold of complex dimension n. Let uj be a Kahler 
metric and 9 a closed (1,1) -form on X. Then the generalized Mabuchi energy functional /C^ e ( ■ ) 
is defined by 

IC^M= / log^^^-E / V^(RicM-^)Au;^ Au;^-^-i + ^^ / ^u^Au;;-^, (6.6) 

Where ^ = (^-.(^) 

The following proposition can be proved by straightforward calculation. 
Proposition 6.1 

SlC^^e = - [ Sip {S{u^) - tr^^{9)) u;. (6.7) 
Jx 

Therefore 



]C^Av) = - {S{uJt) - tr^M) ^tdt (6.8) 

JQ Jx 

where {^t}te[Q,i] <^ smooth path in PSH{X,u) with tp^ = and (pi = ip, and Ut = oj + 
^/—Iddpf The formula 1(5. 8\ is independent of the choice of the path ipt. 

Let X be an n-dimensional compact Kahler manifold with semi-ample canonical line bundle. 
Suppose < kod(X) = k < n and X^an = i.e., Xcan is nonsingular and the algebraic 

fibration f : X Xcan has no singular fibre. 

Fix X £ ~ci (X) as in Section 3.1 and ujq an arbitrary Kahler form with ^^o^'^ — 1' where 
Xs = f~^{s) and cuq^s = ujq]^^. Let ut = x + t^o and uj^ = cut + \/^ddip. Let losf be the 
semi-flat form in [wq] . Then p can always be decomposed as 

p = (p + t^jJ 

where p = V^sf^ is the push-forward of p with respect to the flat metric on the fibres. 
Theorem 6.2 Along the above class deformation of the Kahler class on X, 

Jc^M = ( :: + +^x,x.,-o(^)) + o(r-''+^) (6.9) 
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and 



1 1"'"'' 



>Cx,x.,c.o(^) = / / log-^c— (6.10) 



^■_n v — n S^Xcan \^Xs / 



where Aij — [Z] «-I ^) ^x,<^wpi') generalized Mabuchi energy 

on Xcan- 

In particular, when x = X<?' 



r.n.n, 



Is&X 

can 

where K-xi') Mabuchi energy on Xcan, ^x,X'p'^oi') defined by 
Proof The proof boils down to direct computation. First, calculate 



Also 

n— 1 



lb-— _L 

- ^ / (^Ric(a;) A a;-'' A 

n— re— 1 re+j r / f \ 

_^n-re ^ / / ^n-re-1-, ^re-. + ^(t 

o— n i— o S&Xcan \'' Xg / 



j=0 i=j 

and 



/ ^4 A c^r^' = ( K 1 1 ) ^""'^ E / 4"' + (6.12) 



The theorem follows from straightforward calculation by combining the above formulas. 



- {:) t-- ( I log %i - 1 m<x) - uj^p) A A xr + / 

V^Xcan X J Xcan 1^ + ^ J X 

H:)t- f ([ iog^c.-)x^ 

JseXcan yX, ^0,S J 

_^n-re ^ ^ / / Ric(c.o,.) A A U^^;-'-^ A X^''^^' 

^•_n i — ^ S&Xcan \'' Xg / 



+o(r-''+^), 
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{2nci{Xca„)-[uiwp])ix] 



K.-1 



where ji 



□ 



We also investigate the asymptotics of the Mabuchi energy in the case of a fibred space 
studied by Fine in llFil . 

Let / : X ^ E be a Kahler surface admitting a non-singular holomorphic fibration over S, 
with fibres of genus at least 2. We also assume Ci(S) < 0. Let V be the vertical tangent bundle 
of X and [ujt] = -/*ci(S) - tci{V). 

Let X, ^0 £ —ci{V) and Ut be defined as in Section 6.1. We consider the asymptotics of the 
Mabuchi energy /C^^^ (■) as t tends to 0. 

Theorem 6.3 Let ujq G —ciiV) be a closed (1, 1) such that its restriction on each fibre is a 
hyperbolic metric. Let uJt = x + (^nd u^p = Ut + \/—ldd(^ be a metric deformation, where 
Lp G Then we have 



Theorem 16.21 and Theorem 16.31 can be considered as an adjunction type formula for the 
Mabuchi energy on an algebraic fibre space. 
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